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Evaluations of orthogonal polynomials

Why are OPs so important?:

numerical integration using quadrature rules and approximation
theory.

polynomials expansion, widely used in solving PDEs with various
methods, e.x. Jacobi Galerkin Method, ENO and WENO.

Galerkin: need to define an approximation space.
ENO and WENO: need to use numerical flux with polynomials
reconstructions to evaluate cells boundaries

foundational tool in gPC

How to evaluate OPs?

an intuitive way: Gram-Schmidt process

other fancy techniques
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Evaluate OPs with G-S

The operations for orthogonal matrices are terribly UNSTABLE due to the
round-off error!
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TTR and OPs

Assume p−1(x) = 0, p0(x) = 1
b0

and define b2
0 =

∫
w(x)dx

(TTR) xpn(x) = bnpn−1(x) + an+1pn(x) + bn+1pn+1(x), n = 0, 1, . . .

Proof.

xpn(x) =
∑n+1

j=0 dnjpj(x) since xpj(x) is a poly of degree j + 1, where

dnj = 〈xpn, pj〉w
= 〈pn, xpj〉w

=

{
0 if j + 1 ≤ n − 1

dnj if n − 1 ≤ j ≤ n + 1

So xpn(x) = dn,n+1pn+1(x) + dn,npn(x) + dn,n−1pn−1(x)

Manipulations of OPs ⇐⇒ Manipulations of TTR coefficients (backward
stable)
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Ways to compute the recurrence coeffcients

Derive exact formulas for coefficients
Rodrigues’ formula (for classical OPs: Jacobi, Laguerre, Hermite)
discrete Painlevé I equation and Freud’s conjecture (for Freud’s weight)
recurrence formula (for certain piecewise smooth weight)

Classical moments method

Modified Chebyshev moments method

Composite algorithm
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Rodrigues’ formula

Let w(x) be a weight function with support on [a, b], a, b ∈ R ∪∞. Let
{pn(x)}n∈N0 be the associated orthonormal polynomial family.
Assume:

w ′(x) = w(x) l(x)
q(x) , l(x) ∈ P1 and q(x) ∈ P2.

limx→a w(x)q(x) = 0

limx→b w(x)q(x) = 0

Then: pn(x) = cn
1

w(x)
dn

dxn [w(x)q(x)n]

Proof.

...

Ex: Legendre polynomials, w(x) = 1 and q(x) = 1− x2.

b2
n = Γ(2n−1)Γ(2n)

22n−1Γ4(n)
22n+1Γ4(n+1)

Γ(2n+1)Γ(2n+2) = n2

4n2−1

Pros: exact formula. Cons: only apply for ”classical” OPs
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Classical Moment Method

Define finite moments

µr =

∫
x rdλ(x) <∞, r = 0, 1, 2, . . .

Define Hankel determinants

∆n =

∣∣∣∣∣∣∣∣∣
µ0 µ1 . . . µn−1

µ1 µ2 . . . µn
...

...
µn−1 µn . . . µ2n−2

∣∣∣∣∣∣∣∣∣ , n = 1, 2, . . . , ∆0 = 1

and ∆
′
n with the penultimate column and last row removed.

Claim:

an+1 =
∆
′
n+1

∆n+1
− ∆

′
n

∆n
, n = 0, 1, 2, . . . ; b2

n =
∆n+1∆n−1

∆2
n

, n = 1, 2, 3, . . .
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Modified Chebyshev Method

Assumption:

{αn, βn} under given measure dλ(x) corresponding to monic
orthogonal polynomials πl(x).

{an, bn} under a certain type of measure(chosen) close to dλ(x)
corresponding to orthonormal polynomials pk(x).

Define ”mixed moments” as

σl ,k =

∫
πl(x)pk(x)dλ(x)

When l = 0,

σ0,k =

∫
π0(x)pk(x)dλ(x) =

∫
f (x)d λ̃(x), f (x) = pk(x)

dλ(x)

d λ̃(x)

Ex: dλ(x) = (1− 1
2x

2)(1− x2)
1
2 , choose d λ̃(x) = (1− x2)

1
2
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Modified Chebyshev Method

when l = 1,

σ1,k =

∫
π1(x)pk(x)dλ(x)

= bkσ0,k−1 + (ak+1 − α1)σ0,k + bk+1σ0,k+1

If k = 0, σ1,0 = b0σ0,−1 + (a1 − α1)σ0,0 + b1σ0,1 = 0.
Thus we can solve α1 and thus evaluate π1(x) by TTR
when l = 2,

σ2,k =

∫
π2(x)pk(x)dλ(x)

= bkσ1,k−1 + (ak+1 − α2)σ1,k + bk+1σ1,k+1 − β2
1σ0,k

If k = 0, σ2,0 = b0σ1,−1 + (a1 − α2)σ1,0 + b1σ1,1 − β2
1σ0,1 = 0.

If k = 1, σ2,1 = b0σ1,0 + (a2 − α2)σ1,1 + b2σ1,2 − β2
1σ0,1 = 0.

Thus we can solve β1 and α2 and thus evaluate π2(x)
...

Zexin Liu (Department of Mathematics University of Utah)Composite Algorithm to compute Three-term Recurrence CoefficientsMay 9, 2019 10 / 24



Modified Chebyshev Method

Computing Stencil 
0 0 0 . . . 0 0 0
σ0,0 σ0,1 σ0,2 . . . σ0,2n−2 σ0,2n−1 σ0,2n

σ1,1 σ1,2 . . . σ1,2n−2 σ1,2n−1

. . .
...

...

σn,n


Formula for coefficients

αn = an +
bn−1σn−1,n−1

σn−2,n−2
, n = 2, 3, . . . (α1 = a1 + b1

σ0,1

σ0,0
)

β2
n =

bnσn,n
σn−1,n−1

, n = 1, 2, . . .

Zexin Liu (Department of Mathematics University of Utah)Composite Algorithm to compute Three-term Recurrence CoefficientsMay 9, 2019 11 / 24



Modified Chebyshev

w(x) = (1− x2)−
1
2 (Chebyshev No.1) w(x) = e−|x |

4
(Freud’s weight)
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Composite Method

Given dλ(x), suppose we know the coefficients (n ≥ 0)

a−1(λ) a0(λ) a1(λ) a2(λ) · · · an(λ)
b0(λ) b1(λ) b2(λ) · · · bn(λ).

Goal: use moments to compute an+1(λ) and bn+1(λ). Then we iterate on
n if they are successfully computed.
We use an ansatz for an+1 and bn+1. (simply use the previous level)

ãn+1 = an, b̃n+1 = bn,

there exist differentials ∆an+1 and ∆bn+1 such that

an+1 = ãn+1 + ∆an+1, bn+1 = b̃n+1∆bn+1.

These coefficients can be used in a version of the recurrence to define a
polynomial p̃n+1:

b̃n+1p̃n+1 = (x − ãn+1)pn − bnpn−1,
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Composite Method

With p̃n+1 defined above,

Gj ,k =

∫
pj(x)pk(x)dµ(x) = δj ,k , 0 ≤ j , k ≤ n

Gj ,n+1 =

∫
pj(x)p̃n+1(x)dµ(x) = 0, 0 ≤ j ≤ n − 1.

Defining

Gn,n+1 =

∫
pn(x)p̃n+1(x)dµ(x),

Gn+1,n+1 =

∫
p̃2
n+1(x)dµ(x).

then,

∆an+1 = Gn,n+1bn, ∆bn+1 =
√
Gn+1,n+1 − G 2

n,n+1.
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Numerical Experiments: Freud’s weight

Freud weights w(x) = exp (−|x |α) , α > 0.

bn are following the asymptotic behavior based on Freud’s conjecture (FC)
which can be regarded as the true solution.

We use our Composite Algorithm (CA), Variable-precision Algorithm
(VPA), Stieltjes procedure Algorithm (SA) with monic polynomials
(SA-Monic) and orthonormal polynomials (SA-ON), Modified Chebyshev
Algorithm (MCA) and recurrence relation corresponding to the discrete
Painlevé I equation (DPE) to compute the recurrence coefficients and
compare them with the true solution in two cases: α = 4 and α = 6.
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Freud’s weight: α = 4
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Freud’s weight: α = 6
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Numerical Experiments: Piecewise smooth weight

w(x) =

{
| x |γ (x2 − ξ2)p(1− t2)q, x ∈ [−1,−ξ] ∪ [ξ, 1]

0, elsewhere, 0 < ξ < 1, p > −1, q > −1, γ ∈ R

We can derive the exact formulas for recurrence coefficients for this weight
if ξ, γ, p and q are given.

Ex: γ = 1, p = q = 1
2

b2
2k = 1

4 (1− ξ)2(1 + η2k−2)/(1 + η2k), k = 1, 2, 3, . . . , η = 1−ξ
1+ξ

b2
1 = 1

2 (1 + ξ)2

b2
2k+1 = 1

4 (1 + ξ)2(1 + η2k+2)/(1 + η2k), k = 1, 2, 3, . . .
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Piecewise smooth weight
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Department of Mathematics, University of Utah
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Department of Mathematics, University of Utah

Math Biology (TOP5):
Biofluids and Biogels, Biophysics and Stochastics, Ecology,
Epidemiology and Immunology, Neuroscience, and Physiology.

Prof. Aaron Fogelson: Mathematical Physiology, Biological Fluid
Dynamics.
Ph.D. 1982 Courant Institute of Mathematical Sciences, SIAM
Institute of Mathematics for Society (SIMS) Fellowship, NSF
Creativity Award, NSF RTG support $12,000,000 (in total).
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Algebraic Geometry / Number Theory: (Top 10):

Prof. Hacon Christopher
Ph.D. 1998 University of California Los Angeles Mathematics 2007
Clay Research Award, 2009 Frank Nelson Cole Prize in Algebra,
2011 Antonio Feltrinelli Prize in Mathematics, Mechanics, and
Applications,
2013 Fellow of the AMS, 2016 EH Moore Research Article Prize,
2017 Member of the American Academy of Arts and Sciences,
2018 Breakthrough Prize, 2018 Member of the National Academy of
Sciences.
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The Scientific Computing and Imaging (SCI) Institute (conjunct with
CS):
An internationally recognized leader in visualization, scientific
computing, and image analysis. Focus on scientific computing and
visualization techniques, tools, and systems with primary applications
to biomedical engineering.

Alumni:
Aaron Lefohn - Director of Research at NVIDIA
John Warnock - co-founder of Adobe Systems
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Thanks for your listening!
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